Abstract. We study the geometry of the Thurston metric on Teichmüller space by examining its geodesics and comparing them to Teichmüller geodesics. We show that, similar to a Teichmüller geodesic, the shadow of a Thurston geodesic to the curve graph is a reparametrized quasi-geodesic. However, we show that the set of short curves along the two geodesics are not identical.
Introduction
In [Thu86] Thurston introduced a metric on Teichmüller space in terms of the least possible value of the global Lipschitz constant between two hyperbolic surfaces. Even though this is an asymmetric metric, Thurston constructed geodesics connecting any pair of points in Teichmüller space that are concatenations of stretch paths. However, there is no unique geodesic connecting two points in Teichmüller space T (S). We construct some examples to highlight the extent of non-uniqueness of geodesics: Theorem 1.1. For every D > 0, there are points X, Y, Z ∈ T (S) and Thurston geodesics segments G 1 and G 2 starting from X and ending in Y with the following properties:
(1) Geodesics G 1 and G 2 do not fellow travel each other; the point Z lies in path G 1 but is at least D away from any point in G 2 . (2) The geodesic G 1 parametrized in any way in the reverse direction is not a geodesic.
In fact, the point Z is at least D away from any point in any geodesic connecting Y to X.
In view of these examples, one may ask whether geodesics connecting X to Y have any common features. There is a mantra that all notions of a straight line in Teichmüller space behave the same way at the level of the curve graph. That is, the shadow of any such line to the curve graph is a reparametrized quasi-geodesic. This has already been shown for Teichmüller geodesics [MM99] , lines of minima [CRS08] , grafting rays [CDR12] , certain geodesics in the Weil-Petersson metric [BMM11] and Kleinian surface groups [Min10] (See also [BF11] of an analogous result in the outer space.)
In this paper, we show Theorem 1.2. The shadow of a Thurston geodesic to the curve graph is a reparametrized quasi-geodesic.
Since the curve graph is Gromov hyperbolic, quasi-geodesics with common endpoints fellow travel. Hence This builds on the analogy established in [LRT12] between Teichmüller geodesics and Thurston geodesics. We showed that if the Teichmüller geodesic connecting X and Y stays in the thick part of Teichmüller space, so does any Thurston geodesic connecting X to Y and in fact all these paths fellow travel each other. However, this analogy does not extend much further; we show that the converse of the above statement is not true: Theorem 1.4. There is an 0 > 0 so that, for every > 0, there are points X, Y ∈ T (S) and a Thurston geodesic connecting X to Y that stays in the 0 -thick part of Teichmüller space where the associated Teichmüller geodesic connecting X to Y does not stay in the -thick part of Teichmüller space.
In particular, this means that the set of short curves along a Teichmüller geodesic and a Thurston geodesic are not the same.
Outline of the proof. To prove Theorem 1.2 one needs a suitable definition for when a curve is sufficiently horizontal along a Thurston geodesic. This is in analogy with both the study of Teichmüller geodesics and geodesics in Outer space after [MM99, BF11] . In Teichmüller metric, geodesics are described by a quadratic differential, which in turn defines a singular flat structure on a Riemann surface. The flat metric is then deformed by stretching the horizontal foliation and contracting the vertical foliation of the flat surface. If a curve is not completely vertical, then its horizontal length grows exponentially fast along the Teichmüller geodesic. Similarly, for Outer space, the geodesics are described as folding paths associated to traintracks. If an immersed curve has a sufficiently long legal segment at a point along a folding path, then the length of the horizontal segment grows exponentially fast along the folding path. These two facts respectively play important roles in the proofs of the hyperbolicity of curve complexes and free factor complexes.
The notion of horizontal foliation in the setting of Teichmüller geodesics is replaced by the maximally stretched lamination in the setting of Thurston geodesics. However, it is possible for a curve α to fellow travel the maximally stretched lamination λ for a long time only to have its length of down later along the Thurston geodesic. That is, the property of fellow traveling λ geometrically does not persist (See Example 4.4).
In Section 4, we define the notion of a curve α being sufficiently horizontal along a Thurston geodesic to mean that α fellow travels λ for sufficiently long time both topologically and geometrically. We show that if a curve is sufficiently horizontal at a point along a Thurston geodesic, then it remains sufficiently horizontal throughout the geodesic, with exponential growth of the length of its horizontal segment (Theorem 4.2). In Section 5, we define a projection map from the curve complex to the shadow of a Thurston geodesic sending a curve α first to the earliest time in the Thurston geodesic where α is sufficiently horizontal and then to a curve of bounded length at that point. We show in Theorem 5.9 that this map is a coarse Lipschitz retraction. Theorem 1.2 follows from this fact using a standard argument. In Section 6, we construct the examples of Thurston geodesics that illustrate the deviant behaviors of Thurston geodesics from Teichmüller geodesics, as indicated by Theorem 1.1 and Theorem 1.4.
The proof is somewhat technical, because all we know about a Thurston geodesic is that the length of the maximally stretched lamination (which may not be a filling lamination) is growing exponentially. Using this and some delicate hyperbolic geometry arguments, we are able to control the geometry of the surface. For the ease of exposition, we have collected several technical lemmas in Section 3. These statements should be intuitively clear to a reader familiar with hyperbolic geometry and the proofs can be skipped in the first reading of the paper.
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Background
We briefly review some background material needed for this paper. We refer to [Thu86, Pap07, Hub06] and the references therein for background on hyperbolic surfaces and the Thurston metric on Teichmüller space.
2.1. Notation. We adopt the following notations to simplify some calculations. Call a constant C universal if it only depends only on the topological type of a surface, and not on a hyperbolic metric on the surface. Then given an universal constant C and two quantities a and b, we write
• a * ≺ b if a ≤ Cb. • a b if a ≺ b and b ≺ a. We will also write a = O(1) to mean a * ≺ 1.
Coarse maps.
Given two metric spaces X and Y, a multivalued map f : X → Y is called a coarse map if the image of every point has uniformly bounded diameter. The map
2.3. Curve graph. Let S be a connected oriented surface of genus g with p punctures with 3g + p − 4 ≥ 0. By a curve on S we will mean an essential simple closed curve up to free homotopy. Essential means the curve is not homotopic to a point or a puncture of S. For two curves α and β, let i(α, β) be the minimal intersection number between the representatives of α and β. Two distinct curves are disjoint if their intersection number is 0. A multicurve on S is a collection of pairwise disjoint curves. A pair of pants is homeomorphic to a thricepunctured sphere. A pants decomposition on S is a multicurve whose complement in S is a disjoint union of pairs of pants.
We define the curve graph C(S) of S as introduced by Harvey [Har81] . The vertices of C(S) are curves on S, and two curves span an edge if they intersect minimally on S. For a surface with 3g + p − 4 > 0, the minimal intersection is 0; for the once-punctured torus, the minimal intersection is 1; and for the four-times punctured sphere, the minimal intersection is 2. The curve graph of a pair of pants is empty since there are no essential curves. By an element or a subset of C(S), we will always mean a vertex or a subset of the vertices of C(S).
Assigning each edge of C(S) to have length 1 endows a metric structure on C(S). Let d C(S) ( , ) be the induced path metric on C(S). The following fact will be useful for bounding curve graph distances [Sch06] : for any α, β ∈ C(S),
By [MM99] , for any surface S, the graph C(S) is hyperbolic in the sense of Gromov. More recently, it was shown contemporaneously and independently by [Aou12, Bow13, HPW13, CRS13] that there is a uniform δ such that of C(S) is δ-hyperbolic for all S.
Teichmüller space.
A marked hyperbolic surface is a complete finite-area hyperbolic surface equipped with a fixed homeomorphism from S. Two marked hyperbolic surfaces X and Y are considered equivalent if there is an isometry from X to Y in the correct homotopy class. The collection of equivalence classes of all marked hyperbolic surfaces is called the Teichmüller space T (S) of S. This space T (S) equipped with its natural topology is homeomorphic to R 6g−6+2p .
2.5. Short curves and collars. Given X ∈ T (S) and a simple geodesic ω on X, let X (ω) be the arc length of ω. Since X is marked by a homeomorphism to S, its set of curves is identified with the set of curves on S. For a curve α on S, let X (α) = X (α * ), where α * is the geodesic representative of α on X. A curve is called a systole of X if its hyperbolic length is minimal among all curves. Given a constant A, a multicurve on X is called Ashort if the length of every curve in the set is bounded above by A. The Bers constant B = B (S) is the smallest constant such that every hyperbolic surface X admits an B -short pants decomposition. In most situations, we will assume a curve or multicurve is realized by geodesics on X.
We state the well-known Collar Lemma with some additional properties (see [Hub06, §3.8 
]).
Lemma 2.1 (Collar Lemma). Let X be a hyperbolic surface. For any simple closed geodesic α on X, the regular neighborhood about α
is an embedded annulus. If two simple closed geodesics α and β are disjoint, then U (α) and U (β) are disjoint. Moreover, given a simple closed geodesic α and a simple geodesic ω (not necessarily closed, but complete), if ω does not intersect α and does not spiral towards α, then it is disjoint from U (α).
We will refer to U (α) as the standard collar of α. There is a universal upper and lower bound on the arc length of the boundary of U (α) provided that α is B -short.
Using the convention
we note that, for 0 ≤ x ≤ B ,
A consequence of the Collar Lemma is the existence of a universal constant δ B such that, if a curve β intersects an B -short curve α, then
Also for any geodesic segment ω,
We will refer to δ B as the dual constant to the Bers constant B .
2.6. Various notions of twisting. In this section, we will define several notions of relative twisting of two objects or structures about a simple closed curve γ. The notation will always be denoted by twist γ ( , ).
First suppose A is a compact annulus and γ is the core curve of A. Given two simple arcs η and ω with endpoints on the boundary of A, we define
where i(η, ω) is the minimal number of interior intersections between isotopy classes of η and ω fixing the endpoints pointwise. Now suppose γ is a curve in S. The annular coverÂ of S corresponding to γ < π 1 (S) can be compactified in an intrinsic way. Letγ be the core curve ofÂ. Given two simple geodeics or curves η and ω in S, letη andω be any lifts toÂ that join the boundary ofÂ (such lifts exist when η and ω intersect γ) The relative twisting of η and ω about γ is
This definition is well defined up to an additive error of 1 with different choices ofη andω. Now suppose X ∈ T (S) and let ω be a geodesic arc or curve in X. We want to measure the number of times ω twists about γ in X. To do this, represent γ by a geodesic and lift the hyperbolic metric of X to the annular coverÂ. Letτ be any geodesic perpendicular tô γ joining the boundary ofÂ. We define the twist of ω about γ on X to be twist γ (ω, X) = i(ω,τ ), whereω is any lift of ω joining the boundary ofÂ. Since there may be other choices of τ , this notion is well defined up to an additive error of at most one. Note that if twist γ (α, X) = 0 and twist γ (α, β) = n, then twist γ (β, X) + n. When γ is B -short, fix a perpendicular arc τ to the standard collar U (γ), then the quantity i(ω, τ ) differs from twist γ (ω, X) by at most one [Min96, Lemma 3.1].
Given X, Y ∈ T (S), the relative twisting of X and Y about γ is
whereτ X is an arc perpendicular toγ in the metric X, andτ Y is an arc perpendicular tô γ in the metric Y . Again, choosing different perpendicular arcs changes this quantity by at most one.
2.7. Subsurface projection and bounded combinatorics. Let Σ ⊂ S be a compact and connected subsurface such that each boundary component of Σ is an essential simple closed curve. We assume Σ is not a pair of pants or an annulus. From [MM00] , we recall the definition of subsurface projection π Σ : C(S) → P C(Σ) . Equip S with a hyperbolic metric and represent Σ as a convex set with geodesic boundary. (The projection map does not depend on the choice of the hyperbolic metric.) LetΣ be the Gromov compactification of the cover of S corresponding to π 1 (Σ) < π 1 (S). There is a natural homeomorphism fromΣ to Σ, which allows us to identify C(Σ) with C(Σ). For any curve α on S, letα be the closure of the lift of α inΣ. For each component β ofα, let N β be a regular neighborhood of β ∪ ∂Σ. The isotopy class of each component β of ∂N β , with isotopy relative to ∂Σ, can be regarded as an element of P C(Σ) ; β is the empty set if β is isotopic into ∂Σ. We define
The projection distance between two elements α, β ∈ C(S) in Σ is
Given a subset K ⊂ C(S), we also define π Σ (K) = α∈K π Y (α), and the projection distance between two subsets of C(S) in Σ are likewise defined. For any Σ ⊂ S, the projection map π Σ is a coarse Lipschitz map [MM00] . For any X ∈ T (S), a pants decomposition P on X is called short if α⊂P X (α) is minimized. Note that a short pants decomposition is always B -short, and two short pants decompositions have bounded diameter in C(S).
Let X 1 , X 2 ∈ T (S). For i = 1, 2, let P i be a short pants decompositions on X i . We will say X 1 and X 2 have K-bounded combinatorics if there exists a constant K such that the following two properties hold.
• For Σ = S, or Σ a subsurface of S,
• For every curve γ in S twist γ (X 1 , X 2 ) ≤ K.
2.8. Geodesic lamination. Let X be a hyperbolic metric on S. A geodesic lamination µ is a closed subset of S which is a union of disjoint simple complete geodesics in the metric of X. These geodesics are called leaves of µ, and we will call their union the support of µ. A basic example of a geodesic lamination is a multicurve (realized by its geodesic representative). Given another hyperbolic metric on S, there is a canonical one-to-one correspondence between the two spaces of geodesic laminations. We therefore will denote the space of geodesic laminations on S by GL(S) without referencing to a hyperbolic metric. The set GL(S) endowed with the Hausdorff distance is compact. A geodesic lamination is said to be chainrecurrent if it is in the closure of the set of all multicurves.
A transverse measure on a geodesic lamination µ is a Radon measure on arcs transverse to the leaves of the lamination. The measure is required to be invariant under projections along the leaves of µ. When µ is a simple closed geodesic, the transverse measure is just the counting measure times a positive real number. It is easy to see that an infinite isolated leaf spiraling towards a closed leaf cannot be in the support of a transverse measure.
The stump of a geodesic lamination µ is a maximal (with respect to inclusion) compactlysupported sub-lamination of µ which admits a transverse measure of full support.
2.9. Thurston metric. In this section, we will give a brief overview of the Thurston metric, sometimes referred to as the Lipschitz metric or Thurston's "asymmetric" metric in the literature. All facts in this section are due to Thurston and contained in [Thu86] . We also refer to [Pap07] for additional reference.
Given X, Y ∈ T (S), the distance from X to Y in the Thurston metric is defined to be
where L(X, Y ) is the minimal Lipschitz constant among all maps from X to Y in the correct homotopy class. Since the inverse of a Lipschitz map is not necessarily Lipschitz, L(X, Y ) is in general not equal to L(Y, X).
For any map f : X → Y , denote by λ f the stretch locus of f in X, i.e. the set of points in X where ||df || is maximal. A map f : X → Y is said to be optimal if f is a L(X, Y )-Lipschitz map. The existence of an optimal map from X to Y -in fact, a homeomorphism -is guaranteed by Arzelá-Ascoli. Set
where the intersection ranges over all optimal maps from X to Y . The following theorem of Thurston gives an important characterization of the quantity L(X, Y ) and consequentially the structure of λ(X, Y ).
where α ranges over all curves on S.
For any sequence {α i } of curves on S with lim
where the union on the right-hand side ranges over the limits of all such sequences. Furthermore, λ(X, Y ) is a geodesic lamination, henceforth called the maximally stretched lamination from X to Y . Thurston showed that T (S) equipped with the Thurston metric is a geodesic metric space. However, the set of geodesics connecting X to Y often has cardinality greater than one and is possibly uncountable. These geodesics have the common property that λ(X, Y ) must be stretched maximally at all times from X to Y .
Given a geodesic segment G : [a, b] → T (S), we will often denote by λ G the maximally stretched lamination from G(a) to G(b). The maximally stretched lamination is well defined for geodesic rays or bi-infinite geodesics. Suppose G : R → T (S) is a bi-infinite geodesic. Consider two sequences {t n } n , {s m } m ⊂ R with lim n→∞ t n → ∞ and lim m→∞ s m → −∞. Set X m = G(s m ) and Y n = G(t n ). The sequence λ(X m , Y n ) is increasing by inclusion as m, n → ∞, hence λ = m,n λ(X m , Y n ) is defined. The lamination λ is independent of the sequences X m and Y n , hence λ = λ G is the maximally stretched lamination for G. Similarly, the maximally stretched lamination λ G is defined for a geodesic ray G : [a, ∞) → T (S).
Throughout this paper, we will always assume Thurston geodesics are parametrized by arc length.
2.10. Stretch Paths. To prove T (S) is a geodesic metric space, Thurston introduced a special family of geodesics called stretch paths. Namely, let λ be a maximal geodesic lamination (all complementary components are ideal triangles). Then λ, together with a choice of basis for relative homology, define shearing coordinates on Teichmüller space (see [Bon97] ). In fact, in this situation, the choice of basis is not important. For any hyperbolic surface X, and time t, define stretch(X, λ, t) to be the hyperbolic surface where the shearing coordinates are e t times the shearing coordinates at X. That is, the path t → stretch(X, λ, t) is a straight line in the shearing coordinate system associated to λ. Thurston showed that this path is a geodesic in T (S).
In the case where λ is a finite union of geodesics, the shearing coordinates are easy to understand. An ideal triangle has an inscribed circle tangent to each edge at a point which we refer to as an anchor point. Then the shearing coordinate associated to two adjacent ideal triangles is the distance between the anchor points coming from the two triangles (see Figure 1) . To obtain the surface stretch(X, λ, t), one has to slide every pair of adjacent triangles against each other so that the distance between the associated pairs of anchor points is increased by a factor of e t .
2.
11. An example. We illustrate some possible behaviors along a stretch path in the following basic example.
Fix a small 0 < 1. Let A 0 be an annulus which is glued out of two ideal triangles. One pair of sides is glued with a shift of 2, and another pair is glued with a shift of 2 + 2 , as in Figure 1 . That is, if p, p are the anchor points associated to one triangle and q, q are anchor points associated to the other triangle then the segments [p, q] and [p , q ] have lengths 2 and 2+2 respectively. Note that by adding enough ideal triangles to this construction, one can obtain a hyperbolic surface X 0 of arbitrarily large complexity. For example adding an ideal triangle to the top and to the bottom of A 0 with zero shift and then identifying the top edges with zero shift and the bottom edges with zero shift gives rise to a triangulation λ of sphere with four points removed. When two triangle are glued with zero shift, the associated shearing coordinate remains unchanged under a stretch map. Hence, we concentrate on how the geometry of A 0 changes only. Let r and r be the midpoints of [p, q] and [p , q ]. There is an isometry of A 0 that switches the two triangles and fixes r and r . Hence, if γ is the core curve of the annulus A 0 , the geodesic representative of γ, which is unique and is fixed by this isometry, passes through points r and r .
Define X t = stretch(X 0 , λ, t). We give and estimate for the hyperbolic length γ at X t .
Claim. For t > 0, we have Xt (γ) * e t + e −e t .
Proof. Let A t be the annulus obtained by gluing two triangles when the shifts are 2e t and (2 + 2 )e t and let p t , q t , r t and r t be points that are defined similar to p, q, r, and r in A 0 . The geodesic representative of the core curve of A t , which we still denote by γ, passes through the points r t and r t . Denote the length of the segment [r t , r t ] by d(r t , r t ). Then 
On the other hand, the angle between segments [r t , s t ] and [s t , r t ] is at least π 2 , which implies that the side [r t , r t ] is the largest of the triangle. Hence, we also have
That is, up to a multiplicative error of at most 4, the length t (γ) is d(r t , s t ) + d(s t , r t ). The distance d(s t , r t ) is asymptotically equal to the length of the horocycle between s t and r t , which is e −e t (1+ ) , by a straightforward computation that we omit. Also d(r t , s t ) = e t , and we have
The second term in the sum can be replaced with e −e t without increasing the multiplicative error by much. This is true because the first term e t in the sum dominates the second term when e t is bigger than 1. This proves the claim.
We can now approximate the minimum of Xt (γ). At t = 0 and t = log 1 the length of γ is basically 1. If is small enough, there is t 0 > 0 such that e t 0 = e −e t 0 . Then we have
This means in particular that the length of γ decreases super-exponentially fast, reaches its minimum, and grows back up exponentially fast. We will not compute the exact value of t 0 , but if we take log twice we see that t 0 + log log 1 , with additive error at most log 2. Then t 0 (γ) * log 1 and this is, up to a multiplicative error, the minimum of Xt (γ). The reason the curve γ gets short and then long again is because it is more efficient to twist around γ when γ is short. To see this, we estimate the relative twisting of X 0 and X t around γ at t = log 1 , that is when the length of γ grew back to approximately 1. The lamination λ is nearly perpendicular to γ at X 0 and does not twist around it. Hence, we need to compute how many times it twists around γ in X t .
For a fixed t > 0, choose liftsγ andλ to H of the geodesic representative of γ and of the leaf of λ containing [p t , q t ], so thatγ andλ intersect. Let be the length of the orthogonal projection ofλ toγ. Then (see [Min96, §3] )
To find , we note that cosh /2 = 1 sin α , where α is the angle betweenγ andλ. In the triangle 
To summarize, the surface X log 1 is close to D n γ (X 0 ), where D γ is a Dehn twist around γ and n * 1 . The stretch path stretch(X 0 , λ, t) connecting these two points changes only an annular neighborhood of γ, first decreasing the length of γ super-exponentially fast to log 1 and then increasing it exponential fast. In fact, further analysis shows that essentially all the twisting is done near the time t 0 when the length of γ is minimum.
2.12. Shadow map. For any X ∈ T (S), the set of systoles on X has uniformly bounded diameter in C(S). We will call the coarse map π : T (S) → C(S) sending X to the set of systoles on X the shadow map. The following lemma shows that the shadow map is Lipschitz.
Proof. Let X, Y ∈ T (S) and let K = L(X, Y ). Let α be a systole on X and let β be a systole on Y . We have
This implies
For simplicity, we will often write
Hyperbolic geometry
In this section, we establish some basic properties of the hyperbolic plane H and hyperbolic surfaces. Many of these results are known in spirit, but the exact statements do not directly follow from what is written in the literature.
Recall that H is Gromov hyperbolic, that is, there is a constant δ H that triangles in H are δ H slim: every edge of a triangle is contained in a δ H -neighborhood of the union of the other two edges.
3.1. Geodesic arcs on hyperbolic surfaces. Let α be a simple closed geodesic on a hyperbolic surface X and let U (α) be the standard collar of α. When ω is a geodesic segment contained in U (α) with endpoints p and p , we denote the distance between p and p in U (α) by d U (α) (ω). The following lemma can be read as saying that all the twisting around a curve α takes place in U (α).
Lemma 3.1. Let P be a pair of pants in a hyperbolic surface X with geodesic boundary lengths less than B . For each connected component α ⊂ ∂P , there is an arc τ α in U (α) perpendicular to α so that the following holds. Any finite sub-arc ω of a simple complete geodesic λ that is contained in P can be subdivided to three pieces
The interior of ω 0 is disjoint from every U (γ), for γ ⊂ ∂P , and X (ω 0 ) = O(1). (b) The segment ω α , α ⊂ ∂P , is contained in U (α) and intersects any curve in U (α) that is equidistant to α at most once. That is, as one travels along ω α , the distance to α changes monotonically. Furthermore,
(c) Same holds for ω β (α and β may be the same curve).
Proof. Note that if ω intersects U (α), then by Lemma 2.1, λ either intersects α or spirals towards α. This implies that ω intersects at most two standard collars, say U (α) and U (β). We allow the possibility that α = β.
, and ω 0 be the remaining middle segment. In P , there is a unique geodesic segment η perpendicular to α and β. Set τ α = η ∩ U (α) and τ β = η ∩ U (β). If α = β, then η is the unique simple segment intersecting U (α) twice and perpendicular to α, and τ α and τ β are the two components of η in U (α). In the universal cover, a lift ω of ω is in a 2δ H -neighborhood of the union of a lift α of α, a lift β of β and a lift η of η.
In fact, a point in ω is either in a δ B -neighborhood of α ∪ β, where δ B is the dual constant to B , or is uniformly close to η. This fact has two consequences. First, because U (α) and U (β) have thicknesses bigger than δ B , the lift ω of ω is contained in a uniform bounded neighborhood of η and hence, the length of ω is comparable to the length of η outside of U (α) and U (β), which is uniformly bounded.
Secondly, ω α is in a δ H -neighborhood ofτ α and α. The portion that is in the neighborhood ofτ α has a length that is, up to an additive error, equal to d U (α) (ω α ). The portion that is in the neighborhood of α has a length that is (up to an additive error) equal to
The formula in part (b) follows from adding these two estimates.
The only remaining point is that, in the above, the choice of τ α depends on β is. However, we observe that the choice of τ α is not important and for any other segment τ α perpendicular to α that spans the width of U (α), we have
This finishes the proof.
Let X ∈ T (S) and P be a pair of pants in X with boundary lengths at most B . Roughly speaking, the following technical lemma states that if a subsegment ω of λ intersects a closed (non geodesic) curve γ enough times and the consecutive intersection points are far enough apart, then ω cannot be contained in P .
Lemma 3.2. There exist D 0 > 0 and K 0 > 0 with the following property. Let γ be a simple closed curve (γ may not be a geodesic) that intersects ∂P and let ω be a simple geodesic in P where the consecutive intersections of ω with γ are at least D 0 apart in ω. Let ω be a sub-arc of ω with endpoints on γ, and let ω 1 and ω 2 be the connected components of ω ω. Then at least one of ω, ω 1 , or ω 2 has length bounded by K 0 ( X (γ) + 1).
Proof. For i = 1, 2, let p i be the endpoints of ω that is also an endpoint of ω i . Let α i be the boundary curve of P with p i ∈ U (α i ), where U (α i ) is the standard collar of α i . If p i does not belong in any of the collar neighborhoods of a curve in ∂P , then we choose α i arbitrarily. For simplicity, denote U (α i ) by U i and let ω i be the component of ω ∩ U i with endpoint p i (ω i may be empty). It is enough to show that, for i = 1, 2, we have either
. This is because if ω 1 and ω 2 are both very long, then Equation 3 implies that ω 1 and ω 2 both have length bounded by X (γ) up to a small error. Since the middle part of ω has bounded length (Lemma 3.1), this implies the desired upper bound for the length of ω.
We now prove Equation 3. The point p i subdivides U i into to two sets V i and W i where V i and W i are regular annuli (their boundaries are equidistance curves to α) with disjoint interiors and p i is on the common boundary of V i and W i . By part (c) of Lemma 3.1, one of these annuli contains ω i and the other contains ω i . Also, since γ passes through p i , it intersects both boundaries of either V i or W i . Let V be either V i or W i so that γ intersect both boundaries of V and let η be either ω i or ω i that is contained in V . We want to show X (η) ≺ X (γ), which is equivalent to Equation 3.
From Lemma 3.1 we have
Let σ be the geodesic representative of the sub-arc of γ connecting the boundaries of V . Then
The intersection numbers between arcs in an annulus satisfy the triangle inequality up to a small additive error. Hence,
Let D 0 > B be any constant. By assumption, consecutive intersections of ω with γ are at
X (α) + 1. These facts and Equation 6 imply
.
Combining this with Equation 4 and Equation 5 we have
That is,
finishes the proof.
Lemma 3.3. Let X ∈ T (S) and let α be a simple closed geodesic in the hyperbolic metric of X. Let ω be a simple geodesic arc in X. If
then any curve γ in the homotopy class of α that is disjoint from α intersects ω at least once.
Remark 3.4. Note that the statement is sharp in the sense that if γ is not disjoint from α or if ω intersects α less than three times, γ can be disjoint from ω.
Proof. Curves α and γ as above bound an annulus A in X. Suppose ω intersects α at points p 1 , p 2 and p 3 , the points being ordered by their appearances along ω. 3.2. We now prove several useful facts about geodesics in the hyperbolic plane.
Proposition 3.5. Let φ : H 2 → H 2 be a hyperbolic isometry with axis γ and translation length (φ) ≤ , for some > 0. Suppose α and β are two geodesics so that:
• α and β intersect γ at the points a and b, respectively, with d H (a, b) ≤ .
• Let c be the point on β which is closest to α (the intersection point between α and β if they intersect). Assume d H (c, b) ≥ 2 . Fix an endpoint β + of β and let α + be the endpoint of α that is on the same side of γ as β + . Then, there exists k such that α + is between β + and φ k (β + ) and |k| (φ) ≤ 4 + 3.
Proof. We assume β + is the endpoint of the ray − → cb (see Figure 2) . The case when β + is the endpoint of − → bc is similar. By exchanging φ with φ −1 if necessary we may assume α + is between β + and the attracting fixed point γ + of φ. Let k be a positive integer with
Since k (φ) ≥ , we know a is between b and b . To show α + is between β + and β + we need to show that the rays − − → aα + and
Let A = ∠α − aγ − = ∠α + aγ + and B = ∠β − bγ + = ∠β + b γ − . If α and β are disjoint then − − → aα + and − − → b β + are also disjoint and we are done. Hence, we can assume α and β intersect at c.
Using the law of cosines, − − → aα + and
Hence, by Equation 7, it suffices to show that
Before starting the calculations, we make an elementary observation. For any y > 0, the function f (x) = sinh(x + y) sinh x is decreasing and f (x) ≤ 2e y for all x ≥ y. This is because f (x) =
We argue in 3 cases.
In the case that both A and B are at most π/2, let w be the point on the segment ab which is the foot of the perpendicular from c to ab. We have
and we are done.
We need some definitions for the next two lemmas. Let γ be a geodesic in H with endpoints γ + and γ − . Fix a δ-neighborhood U of γ and let p be any point on the boundary of U . The geodesic through p with endpoint γ + and the geodesic through p with endpoint γ − together subdivide H into four quadrants. The quadrant disjoint from the interior of U will be called the upper quadrant at p, and the quadrant diametrically opposite will be called the lower quadrant at p. Proof. It suffices to find a lower bound for d H (p, ξ), where ξ is the closest boundary component of Q q to p. Assume ξ has the endpoint γ − . Note that d H (p, ξ) increases with d H (p, q), since any geodesic from γ − that intersects the boundary of U between p and q separates p from ξ. Now fix d H (p, q) = M and see the right side of Figure 3 for the rest of the proof. Fix a perpendicular geodesic ν to γ and let ∂ be a boundary component of the M -neighborhood
There is a lower bound on the distance between any point in Q p and any point in Q q . of ν. Fix an endpoint ν − of ν and let ∂ s be a boundary curve of the s-neighboprhood of γ contained in the complement H γ determined by ν − . Let q s be the intersection of ν and ∂ s and let p s be intersection of ∂ and ∂ s . Let ξ s be the geodesic through q s with endpoint γ − and let β be the geodesic connecting γ − and ν − . Since β is asymptotic to ν, d H (p s , β) is increasing as a function of s, and for s big enough, β separates p s from ξ s . Therefore, there exists d 1 > 0 and Lemma 3.7. Given δ 0 > 0 and M > 0, the constant d 0 of Lemma 3.6 also satisfies the following property. Let γ be a geodesic in H. Let U be the δ-neighborhood of γ with δ ≥ δ 0 . Let ω 1 be a geodesic intersecting γ and let ω 2 be the image of ω 1 under an isometry fixing γ. Let p i be the intersection of ω i with a fixed boundary component of U . Let ω + 1 be the component of ω 1 contained in the upper quadrant at
and ω 2 . Because of the symmetry of ω 1 and ω 2 relative to a rotation fixing γ, either both r i 's are contained in U , and hence each r i is contained in the lower quadrant at p i , or one is in the lower quadrant and the other is in the upper quadrant.
Identify the space of pairs of (x, y), where x ∈ ω 1 and y ∈ ω 2 , with R 2 . Then the function R 2 → R sending (x, y) to d H (x, y) is a convex function realizing its minimum at (r 1 , r 2 ) ∈ R 2 . In the first case, since d H (p i , ω 
A Notion of Being Sufficiently Horizontal
Let I be a closed connected subset of R, let G : I → T (S) be a Thurston geodesic and let λ G be its maximally stretched lamination. The main purpose of this section is to develop a notion of a closed curve α being sufficiently horizontal along G, so that if α is horizontal then it remains horizontal and its horizontal length grows exponentially along G.
Definition 4.1. Given a curve α, we will say α is (n, L)-horizontal at t ∈ I if there exists an B -short curve γ on X t = G(t) and a leaf λ in λ G such that the following statements hold (see Figure 4) 
We will call γ an anchor curve for α and α an (n, L)-horizontal lift of α.
Set G(t) = X t . The main result of this section is the following.
Theorem 4.2. There are constants n 0 , L 0 , and s 0 so that the following holds. Suppose a curve α is (n s , L s )-horizontal at s ∈ I with n s ≥ n 0 and L s ≥ L 0 . Then
Definition 4.3 (Sufficiently Horizontal). Let (n 0 , L 0 ) be the constants given by Theorem 4.2.
A curve α will be said to be sufficiently horizontal at t ∈ I if it is (n, L)-horizontal for some n ≥ n 0 and L ≥ L 0 .
Example 4.4. Definition 4.1 is a bit technical and warrants some justification. To maintain sufficiently horizontal along a Thurston geodesic G, we require the curve α to fellow-travel λ both geometrically and topologically for a long time. The following example illustrates why these requirements are necessary. Namely, we will show that the weaker version of geometric fellow-traveling does not always persist along a Thurston geodesic.
Referring to the example in Subsection 2.10, for any , there exists a Thurston geodesic G(t) = X t and a curve γ such that a leaf λ of λ G intersects γ and, for t > 0, Xt (γ) * e t + 2e −e t . Consider the following two points along G(t): X = G log log(1/ ) and Y = G(log 1/ ).
On Y , let α be the shortest curve that intersects γ with twist γ (α, Y ) = 0. It was shown in Section 2.11 that
This implies twist γ (α, λ) + 1/ , so α intersects λ at an angle close to π/2 in Y . Furthermore,
. That is, every large enough segment of the any lift of α to the universal cover Y intersects a lift of λ at near right angle. Therefore, in Y , no lift of α will fellow travel any lift of λ.
On the other hand, it was also shown in Section 2.11 that
For a given L, we can choose small enough so that the collar neighborhood of γ in X has width at least L. Since α and λ both pass through this collar, in the universal cover X, there exists a lift α and a lift λ that are O(1)-close for L-length. In other words, α and λ fellow-travel in X but they do not in Y .
Remark 4.5. For a given t ∈ I, it is possible that there are no sufficiently horizontal curves at t. For instance, when the stump of λ G is a curve that does not intersect any B -short curve. But this is the only problem, since if the stump of λ G intersects an B -short curve γ, then any sequence of curves converging to the stump will eventually be sufficiently horizontal, with anchor curve γ. In Section 5, we will show that one can always find a sufficiently horizontal curve after moving a bounded distance in C(S) (Proposition 5.8).
The next proposition will show the condition (H2) of Definition 4.1 can be obtained by just assuming α stays B -close to the segment [p 1 , p n ] in λ. A priori, even if α is B -close to [p 1 , p n ], the distance between p i and q i may still be large if γ i is nearly parallel to λ or α.
Proposition 4.6. There are constants n 0 and L 0 such that, for any hyperbolic surface X and constants n ≥ n 0 and L ≥ L 0 , the following statement holds. Suppose γ is an B -short curve in X, λ is a complete simple geodesic in X, and n lifts { γ i } of γ and a lift λ are chosen to satisfy (H1). If α is a curve in X that has a lift α which stays, up to a bounded multiplicative error, B -close to the segment [p 1 , p n ] in γ, then there exist indices l and r with r − l + n such that α intersects γ i at a point q i and d H (p i , q i ) ≤ B , for all i = l, . . . , r.
Proof. Recall the standard collar U (γ) is a regular neighborhood of γ in X that is an embedded annulus with boundary length * 1. Let δ be the distance between γ and the boundary of U (γ). We have (see Section 3)
The distance between α and λ is a convex function that essentially either increases or decreases exponentially fast. Hence, we can choose a segment α of α and index i 0 such that α is within B e −L -Hausdorff distance of λ = [p i 0 , p n−i 0 ]. The index i 0 can be chosen independent of n or L because the distance between p i and p i+1 is at least L. Let n 0 ≥ 2i 0 +2.
Let U i be the δ-neighborhood of γ i . By the choice of δ, U i and U j are disjoint for i = j. Since B e −L < δ, endpoints of α are contained in U i 0 and U n−i 0 . Also, for i 0 < i < n − i 0 , U i separates U i 0 and U n−i 0 in H 2 . Hence α intersects every γ i . Consider such an i and, for simplicity, set γ = γ i , U = U i , p = p i and q = q i . To prove the Proposition, we need to show that d H (p, q) ≤ B . We refer to Figure 5 in the following. Assume, for contradiction, that d H (p, q) > B . Let φ be a hyperbolic isometry with axis γ and translation length X (γ). Then, since γ is B -short, up to replacing φ with φ −1 , the point o = φ(p) is strictly between p and q.
Since λ and φ( λ) are disjoint, for some boundary component of U , that we will denote by ∂U , the following holds. For p = λ ∩ ∂U and q = α ∩ ∂U , the point o = φ(p ) of intersection of ∂U and φ( λ) is between p and q . The curve ∂U is equidistant to γ and the distance function d H is convex along this curve, therefore
Let r be the closest point on λ to q . The point r is contained in one of the quadrants at p , hence d H (q , r) * 1 by Lemma 3.6. But for sufficiently large L 0 , this will contradict that q is B e −L 0 close to λ. Hence d H (p, q) ≤ B and we are done.
Proof of Theorem 4.2. Let n s ≥ n 0 and L s ≥ L 0 , n 0 , L 0 to be determined later. Let α be an (n s , L s )-horizontal curve at X s . As in the definition, we have an anchor curve γ, a lift α of α, a lift λ of a leaf of λ G , and n s -lifts
where p i is the intersection of γ i with λ, and q i the intersection of γ i with α. Throughout the proof we will add several conditions on n 0 , s 0 and L 0 . Let n 0 and L 0 be at least as big as the corresponding constants obtained in Proposition 4.6. Let c be the point on λ to which α is closest. To be able to apply Proposition 3.5 to the curve γ i , we need that c has a distance of at least 2 B from p i . Assuming L 0 > 4 B , we have c is 2 B -close to at most one p i . That is, we can choose indices l and r, with (l, r) = (1, n s − 1) or (l, r) = (2, n s ), so that c has a distance at least 2 B from both p l and p r .
Figure 6. The endpoints of f ( α) are sandwiched between the end points of geodesics f ( λ), f ( λ ) and f ( λ ).
See Figure 6 for the following. Applying a Möbius transformation if necessary, we can assume the center of the disk o is the midpoint between p l and p r . Let λ + and λ − be respectively the endpoints of λ determined by the rays − → op l and − → op r . Let α + be the endpoint of α closest to λ + . Let φ be the hyperbolic isometry with axis γ l and translation length (φ) = s (γ). Let k be the constant of Proposition 3.5 and let
We have that α + is sandwiched between λ + and λ + and d H (p l , p l ) * ≺ B . Similarly, by considering the hyperbolic isometry ψ with axis γ r , we can sandwich α − between λ − and λ − with d H (p r , p r ) * ≺ B , where
Let s 0 ≥ 0, t ≥ s + s 0 and f : X s → X t be an optimal map, i.e. an e t−s -Lipschitz map. Since λ G is in the stretch locus of f , there is a lift f : X s → X t of f so that f ( λ) = λ and f ( λ ± ) = λ ± . 
Note that
B . Also, the distance between intersecting geodesics increases exponentially fast. Hence
The last inequality holds as long as
We next show that projection to X t of any long enough piece of the segment of λ between f (p l ) and f (p r ) intersects a lift of an B -short curve.
Claim 4.8. For any l ≤ i ≤ r − 3, let ω be the arc connecting f (p i ) and f (p i+3 ), and let ω be the projection of ω to X t . Then ω intersects an B -short curve.
Proof. Recall the dual constant δ B > 0 to B , which is a lower bound for the length of any curve that intersects an B -short curve.
If ω is not simple, then λ is a lift of a closed curve λ and ω wraps around λ. By definition λ intersects an B -short curve in X s which implies that Xs (λ) ≥ δ B and Xt (λ) ≥ δ B e t−s . If
, then Xt (λ) ≥ B and λ has to intersect an B -short curve in X t . Thus, ω will also intersect an B -short curve. Now assume ω is simple. Let γ = f (γ). Note that γ is not necessarily a geodesic in the metric X t . If ω misses all the curves of length at most B , then it is contained in a pair of pants P in X t with boundary lengths at most B . Since endpoints of ω lie on γ , γ ∩ P is non-empty.
First, we assume γ does not intersect ∂P . Then γ ⊂ P and it is homotopic to a boundary component of P . That is, the geodesic representative γ * of γ in X s is B -short. The arc f −1 (ω) is a geodesic in X s and intersects γ (which is a geodesic in X s ) at least 3 times, so by Lemma 3.3, f −1 (ω) intersects f −1 (γ * ) at least once. This implies ω intersects γ * which proves the claim. Now assume γ intersects ∂P . For j = 0, 1, 2, let ω j be the sub-arc of ω coming from projecting f (p i+j ), f (p i+j+1 ) to X t . Let D 0 and K 0 be the constants of Lemma 3.2. Note that if a sub-arc of λ intersects γ , then the arc length between two consecutive intersections is at least δ B e t−s ≥ δ B e s 0 . Assuming s 0 ≥ log
, we have, for each j, t (ω j ) is at least L 0 e t−s , while t (γ ) is at most B e t−s . Let L 0 be bigger than K 0 ( B + 1). Then, by Lemma 3.2, at least one of w j has
which is impossible and hence ω intersects one of the pants curves.
Claim 4.8 implies that for some B -short curve (call it γ t ) and some n t * n s , the projection of f (p l+1 ), f (p r−1 ) to X t intersect γ t at least n t times with the the arc length between every two intersection points is at least L t = L s e t−s . And Claim 4.7 implies that there is aloft of α that remains O( B )-close to the segment f (p l+1 ), f (p r−1 ) . Applying Proposition 4.6 we conclude that α is (n t , L t )-horizontal which proves part (I). We now prove part (II) of the Theorem 4.2. Suppose
We need to show that n t lifts of an B -short curve intersect the segment f (p l+1 ), f (p r−1 ) , where log nt ns
A so that any two consecutive intersections are at least L t * Lsnse t−s nt away. Let P be an B -short pants decomposition on X t and m = min
we have A * ≺ log m. Note that, for small values of A, part (II) follows from Part (I). Hence, we assume A is large, which implies in particular that γ intersects every curve in P. Even though part (II) seems to be more general, this last condition is used in an essential way in the proof of Part (II) and the proof does not naturally extend to prove part (I).
We also have
Cut the segment f (p l ), f (p r ) into m n s equal pieces and let ω be one of them. Denote the projection of ω to X t by ω. We would like to show that ω intersects a curve in P. As in the proof of Claim 4.8, if ω is not simple, then it wraps around a simple closed λ ∈ λ G and assuming s 0 > log
, it has to intersect a curve in P. Hence we assume ω is simple. Assume for contradiction that ω is disjoint from P. Then ω ⊂ P for some pair of pants P with B -short boundaries. It follows from Lemma 3.1 that there is β ⊂ ∂P such that U (β) contains an endpoint of ω and such that
Then γ intersects β at least m times. Pick any of the sub-arcs σ of γ that connect both boundary components of U (β). Then,
The last inequality holds because ω intersects every component of γ ∩ U (β) essentially the same number of times. Also,
and (14) i(ω, γ)
From the last four equations and using t (γ) ≤ B e t−s and Xt (β) ≤ B , we have:
But e t−s * m. Hence, for some uniform constant C
The expression in parentheses on the left side is strictly positive since we have assumed
. Finally, if we choose L 0 so that
Contradiction proves that ω intersects some curve in P.
There are at least m (n s − 4) such sub-segments in f (p l+1 ), f (p r−1 ) and each intersects a lift of a curve in P. If we choose every other segment, we can guarantee that distance along λ between these intersection points is larger than L t = e t−s L s . Color these segment according to which curve in P their projection to X t intersects and let β be the curve used most often. Then the number n t of segments intersecting a lift of β satisfies n t * m n s . Applying Proposition 4.6 finishes the proof.
Shadow to the curve graph
To show that the shadow of a Thurston geodesic to the curve graph is a quasi-geodesic, we construct a retraction from the curve graph to the image of the shadow sending a curve α to the shadow of the point in the Thurston geodesic where α is balanced. • There are 0 = t 1 < . . . < t n = b so that each [0, a] × {t i } is mapped to a sub-arc of γ.
• Arcs φ [t i , t i+1 ] × {0} and φ [t i , t i+1 ] × {a} have length at least L.
Lemma 5.2. Let X be a hyperbolic surface and γ an B -short curve on X. For any constants n and L, let ω be a simple geodesic arc (possibly closed) with endpoints on γ such that
Then there exists an (n, L)-corridor generated by γ and ω.
Proof. Fix n, L, and denote by C = C(n, L). Let i(ω, γ) = N ≥ C. The closure of each connected component of X {γ ∪ ω} is a surface with a piecewise geodesic boundary. Let Q be a complementary component. We refer to points in the boundary of Q where two geodesic pieces meet as an angle. Define the total combinatorial curvature of Q to be
We can represent X combinatorially with all angles having value π/2 to obtain Q κ(Q) = χ(X).
Note that, for every component Q that is not a rectangle, κ(Q) < − 1 2 and hence, the number of components that are not rectangles is bounded by 2|χ(X)|. In fact, the number of angles that appear in non-rectangle components is at most 12|χ(X)|, because the ratio of the number of angles to Euler characteristic is maximum in the case of a hexagon. Since the total number of angles is 4N − 4 (there are only two angles at the fist and the last intersection points) the number of rectangles is at least:
We will say two rectangle components can be joined if they share an arc of γ. A maximal sequence of joint rectangles is a sequence {Y 1 , . . . Y s } of rectangles in X {ω ∪ γ} so that Y i and Y i+1 can be joined for i = 1, . . . , (s − 1) and so that Y 1 and Y s share a boundary with a non-rectangle piece. The number of edges of rectangles that are shared with a non-rectangle piece is at most 2 more than the number of angles of non-rectangle pieces (again coming from the first and last intersection points of γ and ω). That is, the number of maximal sequences of joined rectangles is at most 2 · ( # of rectangles) 12|χ(X)| + 2 .
Therefore, there must be at least one maximal sequence of joined rectangles
For each i = 1, . . . , M , the sides of Y i coming from arcs of ω have endpoints on γ and thus are at least δ B long. Therefore the union M j=1 Y i is an (n, L)-corridor for γ after letting t i be the point that maps to the intersection number i · L/δ B .
In the following, we will fix n 0 and L 0 to be the constants of Theorem 4.2.
Proposition 5.3. There exist constants n 1 such that for any n ≥ n 1 and
Suppose α is (n, L)-horizontal at X t . Let γ be an B -short curve on X t , λ be a lift of a leaf of λ G , α be a lift of α and { γ 1 , . . . , γ n } be n-lifts of γ together satisfying Definition 4.1. Choose a most central segment ω ⊂ α between γ 1 and γ n such that ω intersects C(n 0 , L 0 ) lifts of γ, including two intersections coming from the endpoints of ω. Let ω be the projection of ω to X t . If i(ω, γ) < C(n 0 , L 0 ), then ω = α and we are done since
Otherwise, by Lemma 5.2, there exists (n 0 , L 0 )-corridor R generated by γ and ω. Let φ : [0, a] × [0, b] → X t be the map whose image is R satisfying the conditions of Definition 5.1.
Lift φ to the map
Note thatφ {a} × [0, b] is a translate of a sub-arc ω of α by an isometry of H 2 fixing λ. Also, ω intersects the same number of γ i and ω and ω intersect. But n ≥ 3C(n 0 , L 0 ) and ω was central. Thus ω is still between γ 1 and γ n and hence is B -close to λ. Since β is disjoint from α, if β intersects R it has to enter from the edge φ([0, a] × {0}), travel through the corridor and exit from the edge φ([0, a] × {b}). Therefore, there must exist a lift β of β passing throughφ (0, a) × [0, b] intersecting everyφ [0, a] × {t i } . That is, β intersects n 0 of γ i at a distance at most B from λ. Thus, by Proposition 4.6 β is (n 0 , L 0 )-horizontal at X t if β intersects R. Now suppose β is disjoint from R. Fix a parametrization ψ :
The parametrization ψ traverses ω 1 or ω 2 either in same or opposite direction as φ and either traverses ω 1 before ω 2 or vice versa. We assume ψ traverses ω 1 in the same direction and speed as φ and ψ traverses ω 1 before ω 2 (the proofs in the other cases are similar). Let
Consider the curve η that is a concatenation of ω and γ . Topologically, η is a non-trivial simple closed curve with i(η, γ) ≤ i(ω, γ) = C(n 0 , L 0 ). Since β is disjoint from R, it is disjoint from η. Therefore,
This concludes the proof of the proposition. 
Let t α = b if above set is empty. We refer to t α as the balanced time of α along G. 
) also has uniformly bounded diameter in C(S).
5.2. Retraction. Let X be a hyperbolic surface. Consider a simple closed geodesic γ that is B -short and a simple geodesic λ on X. Assuming that λ intersects γ many times, we would like to find a simple closed curve α with a uniformly bounded intersection number with γ that is (n 0 , L 0 )-horizontal. The argument here is somewhat delicate since there are essentially two possible situations; either λ twists around a relatively short curve α or α is somewhat longer and a long subsegment of it stays close to λ in the universal cover.
We find the appropriate curve α by applying surgery between λ and γ so that α contains a long sub-segment of λ. But we also need to have some control so that after pulling α tight it still stays close to λ. The following two lemmas will give the needed control.
In the following, orient the curve γ so the left side and the right side of γ are defined. We will say an arc ω with endpoints on γ hits γ on opposite sides if the two endpoints of ω are on different sides of γ; otherwise, ω hits γ on the same side.
Lemma 5.6. Let γ and λ be as above and let α = η ∪ ω be a closed curve in X that is obtained from concatenation of a sub-arc η of γ and a sub-arc ω of λ. Also, assume that η hits ω on opposite sides and L = X (ω) ≥ 4 B . Then, α * , the geodesic representative of α in X, stays in an O( B )-neighborhood of α.
Proof. This is a well known fact in hyperbolic geometry. We sketch the proof here. Consider the lift of α to H 2 as a concatenation of segments η i and ω i that are lifts of η and ω respectively. Since ω is a sub-arc of a complete simple geodesic in X, the segments ω i lie on complete geodesics ω i in H 2 that are disjoint. The condition that η hits ω on opposite sides means that ω i+1 does not backtrack along ω i .
Fixing o, the center of segment ω 0 , as the center of the Poincaré disk, the Euclidean distance between and endpoints of geodesics ω i in ∂H 2 form a Cauchy sequence (in fact, they decrease exponentially fast) and hence they converge. Namely, the visual angle at o of the endpoint of ω 1 is at most O( B e −L/2 ) and the visual angle at o between the endpoints of ω i and ω i+1 decrease exponentially with |i|. Hence the lift of γ * starts and ends near the endpoints of ω 0 with a visual angle of O( B e −L/2 ). Therefore, an O( B )-neighborhood of lift of γ * contains ω 0 . This finishes the proof.
Lemma 5.7. Let β and β be simple closed curves in X (possibly β = β ) with lengths longer than δ B and let η be a geodesic segment that is disjoint from both. Let γ and γ be two segments of length O(1) connecting the endpoints of η to β and β respectively so the curve α obtained by the concatenation
is simple. Let α * be the geodesic representative of α. Then, in the universal cover, any lift of η is contained in a bounded neighborhood of the union of a lift of α * , a lift of β and a lift of β .
Proof. The lemma is non-trivial because two copies of η is used and they may backtrack each other. It is essential that there is a lower bound on the lengths of β and β and the lemma essentially follows from Lemma 3.7.
Consider a lift of α to the universal cover. Ignoring the lifts of γ and γ which have bounded length, we consider the segments β i ∪ η i ∪ β i ∪ η i where η i and η i are lifts of η, β i are lifts of β, β i are lifts of β and endpoints of every segment are in a uniformly bounded neighborhood of an endpoint of the next segment.
The segments η i and η i lie on geodesics λ i and λ i that are disjoint. In fact, there is an isometry of H 2 , associated to the curve β , whose axis contains β i and sends η i to η i . Let δ 0 be large enough so that δ 0 -neighborhood of β contains the standard collar U (β ). Then δ 0 is a universal constant since there is a lower bound on the length of β . Let U δ 0 (β ) be the δ 0 -neighborhood of β and U i be the lift that contains β i . There is a universal lower bound on the length of the boundary of U δ 0 (β ) which means there is a lower bound on the distance between the intersection points of η i and η i with U i . It now follows from Lemma 3.7 that there is a lower bound of d 0 for the distance between the subsegments of η i and η i that are outside of U i . That is, if η i is not near β i , it cannot be too close to η i and hence η i and η i do not fellow travel for a long time outside of a uniform neighborhood of β i . A similar statement is true for η i , η i+1 and β i .
Since H is Gromov hyperbolic, the lift of α * is contained in a uniform neighborhood of segments β i ∪ η i ∪ β i ∪ η i . In fact, each point in any of these segments is either close to the lift of α * or close to a point in some other segment. We have shown that η i and η i do not fellow travel for large subsegment. This means any point in η i is close to either β i , β i , or to the lift of α * .
We would like to show that, at every time t, there is a curve α which has balanced time t α = t and whose distance in C(S) from the shadow of X t is uniformly bounded. The next proposition shows that a coarse version of this statement holds. Proof. First, we will construct α. Let
where K is the additive error coming from Lemma 5.7.
If λ G has a closed leaf λ that intersects every short curve on X t at most 5N 0 -times, then α = λ has the desired properties. Otherwise, we can fix a leaf λ in the stump of λ G that intersects some B -short curve more than 5N 0 times.
Fix a segment ω of λ such that ω has endpoints on a short curve γ with i(γ, ω) = 5N 0 , and ω intersects all other short curves at most 5N 0 times. Orient γ so that we can talk about the two sides of γ. We will show that, applying a surgery between ω and γ, we can obtain a simple closed curve α that still intersects γ and stays close to λ for a long time. Unfortunately, this process is delicate and depending on the intersection pattern of γ and ω we may have to apply a different surgery. The conclusion will follow if either of the following two cases occur.
Case (1): There is a sub-arc η of ω that hits γ on opposite sides with i(η, γ) ≥ N 0 , and the endpoints of η can be joined by a segment of γ that is disjoint from the interior of η.
In this case, the geodesic representative α of the concatenation of η and a segment of γ is (n 0 , L 0 )-horizontal by Lemma 5.6 (see left side of Figure 7) .
Case (2): There is a sub-arc η of ω and a closed curve β disjoint from η, such that i(η, γ) ≥ N 0 and X (β) ≥ δ B , and the endpoints of η are close to the same point on β. Furthermore, each endpoint of η can be joined to a nearby point on β by a segment of γ that is disjoint from β and the interior of η.
In this case (see right side of Figure 7 ), let α be the curve obtained by closing up η with β and one or two sub arcs of γ. If η twists around β N 0 -times, then β is (n 0 , L 0 )-horizontal by Proposition 4.6; otherwise, by Lemma 5.7, α has a segment that intersects γ N 0 -times and stays close to η, in which case α is (n 0 , L 0 )-horizontal by Proposition 4.6.
Case (3): There is a sub-arc η of ω and there are two closed curves β and β that are disjoint from η, such that i(η, γ) ≥ N 0 , X (β) ≥ δ B and X (β ) ≥ δ B , and the two endpoints of η are close to β and β . Furthermore, there exists a segment of γ joining one endpoint of η to β and a segment of γ joining the other endpoint of η to β , such that both segments are disjoint from β, β and the interior of η.
In this case (see Figure 8 ), let α be the curve obtained by gluing two copies of η, β, β and a few sub-arcs of γ. If η twists around either β or β N 0 -times, then either β or β is (n 0 , L 0 )-horizontal by Proposition 4.6; otherwise, by Lemma 5.7, α has a segment that intersects γ N 0 -times and stays close to η, in which case α is (n 0 , L 0 )-horizontal by Proposition 4.6.
We now show that at least one of these three cases happens. Let p 0 and q 0 be the endpoints of ω. Let p −1 and p 1 be the adjacent intersection points along γ to p 0 and q −1 and q 1 be the adjacent intersection points along γ to q 0 . By relabeling if necessary, we may assume ω passes from p 0 to p 1 and then to p −1 . Assume ω passes from q 0 to q 1 and then to q −1 . We allow the possibility p −1 = q 0 and q −1 = p 0 , or p −1 = q −1 .
Let ω 0 be the sub-arc of ω from p 0 to p 1 and let ω 1 be the sub-arc from p 1 to p −1 . Suppose ω 0 ∪ ω 1 intersects γ at least 2N 0 times. In this situation, we have several possibilities that will yield case (1) or (2). If ω 0 ∪ ω 1 hits γ on opposite sides, as in the left side of Figure 7 , then we are in case (1) with η = ω 0 ∪ ω 1 . Otherwise, one of ω i hits γ on opposite sides and the other one hits γ on the same side. Assume ω 0 hits γ on opposite sides, as in the right side of Figure 7 . We are again in case (1) if ω 0 intersects γ at least N 0 times. If not, let β be the closed curve obtained from closing up ω 0 with an arc of γ. Since ω 0 has endpoints on
Figure 7. Case (1) and (2) of Proposition 5.8. Similarly, let ω 0 be the sub-arc of ω from q 0 to q 1 and let ω 1 be the arc from q 1 to q −1 . As above, we are done if ω 0 ∪ ω 1 intersects γ at least 2N 0 times.
Since ω intersects γ 5N 0 -times, if neither ω 0 ∪ ω 1 or ω 0 ∪ ω 1 intersects γ at least 2N 0 times, then the arc η from p −1 to q −1 must have at least N 0 intersections with γ. If η hits γ on opposite sides, then we are in case (1). Otherwise, at least one of ω 0 , ω 1 , or ω 0 ∪ ω 1 hits γ on opposite sides. Close this arc to obtain a closed curve β which has length at least δ B . Similarly, let β be a closed curve obtained from closing up either ω 0 , ω 1 , or ω 0 ∪ ω 1 . We are now in case (3). In Figure 8 , we've illustrated the situation when ω 0 ∪ ω 1 forms β and ω 0 forms β .
It remains to show d C(S) (X tα , X t ) = O(1). By definition, t α ≤ t and α is (n 0 , L 0 )-horizontal on X tα . Assume t − t α ≥ s 0 , where s 0 is the constant of Theorem 4.2. Let γ α be an anchor curve for α at time t α . The assumption implies d C(S) (X t , α) = O(1), so it is enough to show
Let λ and α be as in Definition 4.1, let ω and τ be the segments of λ and α which are at most B Hausdorff distance apart and which intersect n 0 lifts of γ α . We may assume i(α, γ α ) is large enough so that τ projects to a proper sub-arc of α, that is, the length of τ is smaller than the length of α. Let f be the lift of an optimal map f : X tα → X t . By the proof of Theorem 4.2, up to a multiplicative error f (ω) intersects n 0 2 D lifts of a short curve γ on X t . Moreover, a segment τ of the geodesic representative of f ( α) is B -close to f ( λ) and also intersects the n 0 2 D lifts of γ up to a bounded error. The length of α on X t is bigger than the length of τ , hence i(α, γ ) * n 0 2 D . But i(α, γ ) = O(1) by assumption, therefore D must be bounded. Proof. By Corollary 5.5, π is a coarse Lipschitz map. We prove it is also a retraction. Let α be any short curve on X t and λ G be the maximally stretched lamination. We will show diam C(S) [X t , X tα ] = O(1).
If (the stump of) λ G is a short curve it may not intersect any other short curve at X t . Let s be the first time λ G intersects some short curve γ in X s . Since λ G is a short curve in the interval [ 
We now show diam C(S) [X s , X tα ] = O(1). Since λ G intersects a short curve γ on X s , by Proposition 5.8, there exists a curve β on X s with i(β, γ) = O(1) and diam
, which implies by Corollary 5.5 that diam C(S) [X tα , X t β ] = O(1). The conclusion follows by the triangle inequality.
Fix a constant K > 0. We will call a path φ :
We will say φ is a reparametrized K-quasi-geodesic if there is an increasing function h :
In the case that h is not onto, we also require that
reparametrized quasi-geodesics is uniform if there is a constant K that works for the collection. Proof. This argument is standard [Bow06] and follows easily from Theorem 5.9. Let G : [a, b] → T (S) be a Thurston geodesic. Let α ∈ π •G(a) and α ∈ π •G(b) be two curves. Choose a geodesic α = α 0 , . . . , α n = α in C(S). Let t i be the balanced time of α i along G, and let t n+1 = b.
is uniformly bounded. We will call such a sequence admissible and choose one with minimal length k. For simplicity, we will relabel each t i j by t j . Now let h :
The only thing remaining to check is that the lower bound for the definition of quasigeodesic: that is, for all 0 ≤ i ≤ i ≤ k, we will show
It is enough to prove this for i, i ∈ {0, . . . k}. For 0
and choose a geodesic β = β 0 , . . . , β m = β in C(S). Let s i be the balance time of β i along G. After choosing a subsequence, we may assume s i appear monotonically along [a, b] and that t i < s 0 and s m < t i . We can modify the admissible sequence t 0 < · · · < t i < · · · < t i < · · · < t k by t 0 < · · · < t i < s 0 < · · · < s m < t i < · · · < t k , which is still admissible. By minimality of k, we must have i − i ≤ m + 2 which proves what we want.
Examples of geodesics
In this section, we construct several examples of geodesics in the Thurston metric demonstrating various possible behaviors proving Theorem 1.1 and Theorem 1.4 from the introduction. The main idea in all these examples is that it is possible for the maximally stretched lamination associated to some Thurston geodesic to be contained in some subsurface W where the lengths of all curves disjoint from W (including ∂W ) stay constant along the geodesic. This contrasts the behavior of a Teichmüller geodesic, where in a similar situation the length of ∂W would get short along the geodesic [Raf05] . Our construction can be made to be very general. However, in the interest of simplicity, we make an explicit construction when W is a torus with one boundary component.
For a constant , let T (S 1,1 , ) be the space of hyperbolic structures on a torus with one geodesic boundary where the length of the boundary curve is . Note that we can equip T (S 1,1 , ) with the Thurston metric as usual (see [GK13] for details).
Proposition 6.1. There is a constant 0 so that, for any stretch path
there is a bi-infinite Thurston geodesic W t ∈ T (S 1,1 , 0 ), t ∈ R, where µ is the maximally stretched geodesic lamination. That is, for s ≤ t,
Ws (µ) and, for any other curve α,
Ws (α). Furthermore, for any other curve α in S 1,1 ,
Proof. We will refer to Figure 9 for this proof. Choose U 0 ∈ T (S 1,1 ) and represent µ as a geodesic lamination on U 0 . We can complete µ to a maximal lamination λ by adding two bi-infinite leaves both tending to the cusp in one direction and wrapping around µ in the other. Define U t = stretch(U 0 , λ, t).
There are two ideal triangles A and B in the complement of λ. Each A and B has two sides a and b coming from the two leaves of λ tending toward the cusp, and a third side that wraps around µ. There is an involution of U 0 fixing µ and switching A with B. . We can double the stretch path on a punctured torus to obtain a stretch path in a surface of genus two. The length of the curve γ remains unchanged along the stench path.
a + to a − gluing the corresponding anchor points. Note that the third sides of A ± and B ± wrap about µ ± in U ± . This yields a genus two surface U 0 with a geodesic lamination λ that contains µ ± as its stump and has two extra leaves each wrapping about µ + in one direction and wrapping about µ − in the other direction.
In each A ± or B ± , there is a geodesic arc connecting the midpoint of a ± to the midpoint of b ± . Because the gluing maps were reflections, the angles of these arcs with a ± and b ± match and the four arcs glue together to form a separating geodesic γ in U 0 .
Let U t = stretch( U , λ, t). Then U t is also obtained from doubling of U t as above. Along the stretch paths, the length of geodesic arcs connecting the midpoint of a ± to the midpoint of b ± does not change. Hence, they glue the same way in U t to form a separating geodesic of the same length. That is, the length of γ along U t remains constant. We call this constant 0 . The proposition now holds where W t is the subsurface of U t with boundary γ. The stretch map from U s to U t doubles to an e t−s -Lipschitz homeomorphism between U s and U t that fixes γ pointwise. Hence, the length of curves grow by at most a factor of e t−s both from U s to U t and from W s to W t .
To see the last assertion in the proposition, we note that there is contraction map from W t to U t . Consider the restriction of A − and B − in W t and foliate it with horocycles perpendicular to the boundary. Then collapse these regions sending each horocycle to a point. This is a distance decreasing map: the derivative in the direction tangent to the horocycles is zero and in the direction perpendicular to the horocycles is 1. Since stretch paths preserve these horocycles, this collapsing map commutes with the stretch maps and the image of W t under the collapsing map is exactly U t . Hence, the length of a curve α in W t is longer than the length of its image in U t under the collapsing map, which is longer than the length of the geodesic representative of α.
This proposition is the building block for all the examples we construct in this section. Essentially, we can glue W t to a family of surfaces with desired behavior to obtain various examples.
Proof of Theorem 1.1. Let µ be a simple closed curve and let U 0 be a point in T (S 1,1 ) where the length of µ is , for some small > 0. Let W t be the family obtained by Proposition 6.1. Also, choose V ∈ T (S 1,1 , 0 ) to be a point in the thick part. Let β be a curve of bounded length in V and define V n = D n β V , where D β is the Dehn twist around the curve β.
(The values of and n are to be determined below.) Let s be the time when µ has length 1 in W s . Define
By ∪ we mean glue the two surfaces along the boundary and consider them as an element of T (S 2,0 ). We mark the surfaces so that they have bounded relative twisting along the gluing curve γ. We claim that, if log 1/ n, then
First consider X and Z. Since the length of µ grows exponentially in W t , s/2 is a lower bound for the distance. We need to show that the length of any other curve grows by a smaller factor. This is true for any curve contained in W t by Proposition 6.1. For any other curve α, let α W be the restriction of α to W 0 and letᾱ W be the restriction to the complement of W 0 . Any representative of α in Z is longer than the geodesic representative. Therefore, there is a uniform constant C so that Z (α) ≤ e s/2 X (α W ) + C X (ᾱ W ) + n X (β) i(α, β) .
But X (ᾱ W ) * i(α, β). Hence, if e s/2 (C + n), we have
X (α W ) + X (ᾱ W ) = e s/2 X (α). That is, µ is the maximally stretched lamination from X to Z. The argument for the distance from Z to Y is similar. Now, define G 1 (t) = W t ∪ V, and let G 2 (t) be the geodesic obtained by a concatenation of geodesic connecting X to Z and Z to Y . Let α be a curve disjoint from W t that has a bounded length in X. Then for all t G 1 (t) (α) * 1
But the length of α in Z = G 2 (s/2) is of order n. That is, d Th (G 1 (t), Z) ≥ log Z (α) G 1 (t) (α) + log n, which can be chosen to be much larger than D. Note that a lower bound for the distance in the other direction can also be found by replacing α with D −n β (α). To obtain the second part, we note that the distance from Y to X is only of order log log(1/ ), if is small enough. We now choose n and so that, log 1 log n, log n + D D log log 1 .
This way, if Z is distance at least 2D from X and Y , then it is distance at least D from any point on any geodesic connecting Y to X. This finishes the proof of part 2.
Next, we construct an example showing the set of short curves in a Thurston geodesic connecting two points is not the same as the set of short curve along the Teichmüller geodesic. This is in contrast with the following theorem.
Theorem 6.2 ([LRT12]
). For every K > 0 and > 0 there exists > 0 such that whenever X, Y ∈ T (S) are -thick and have K-bounded combinatorics, then any Thurston geodesic G from X to Y is -cobounded.
Proof of Theorem 1.4. Let φ be a pseudo-Anosov map in the mapping class group of S 1,1 and let U 0 ∈ T (S 1.1 ) be on the Teichmüller axis of φ. Consider the Thurston geodesic connecting U 0 to φ n (U 0 ). The point φ n (U 0 ) is also on the Teichmüller axis of φ and the Teichmüller geodesic segment connecting U 0 to φ n (U 0 ) stays in a uniform thick part (independent of n) of Teichmüller space. From [LRT12] we know that the Thurston geodesic connecting these two points also stays in this part and fellow travels the Teichmüller geodesic. Let U t , t ∈ [0, s], be this Thurston geodesic with U s = φ n (U 0 ) and let µ be the associated maximally stretched lamination.
Let W t be the family of of surfaces in T (S 1.1 , 0 ) obtained from Proposition 6.1 and let V be any point in the thick part of T (S 1.1 , 0 ). Now define
Then G(t) is a geodesic in T (S 2,0 ). This is because the length of µ is growing exponentially and the length of every other curve is growing by a smaller factor. (The argument is an easier version of the arguments in the previous proof and is dropped.) Since U t is in the thick part, so is W t and hence G(t). Let X = G(0) and Y = G(s). But, by taking n large enough, we can ensure that d W (X, Y ) is as large as desired, where W is the subsurface of S 2,0 associated to W t . It then follows from [Raf05] that the boundary of W is short along the Teichmüller geodesic connecting X to Y , in fact, its minimum length is inversely proportional to d W (X, Y ). That is, ∂W has bounded length along the Thurston geodesic G(t) but is arbitrary short along the Teichmüller geodesic. This finishes the proof of the theorem.
